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This paper deals with the existence of mild solutions of a class of impulsive fractional partial neutral semilinear differential
equations. A series of analytical results about the mild solutions are obtained by using fixed-point methods. Then, we present
an example to further illustrate the applications of these results.

1. Introduction

Great progress in fractional differential equations has been
achieved in recent years. Due to their broad applications
in science and engineering such as physics, economics,
biology, and mechanical engineering, fractional differential
equations attract attention of researchers from different areas.
Compared with ordinary differential equation systems and
partial differential equation systems, fractional differential
equation systems have the potential to model real-world
problems with more accuracy. In order to further investigate
these models, it is essential to study the fractional differential
equations analytically. Though, mathematically, a fractional
differential equation is closely related to its corresponding
ordinary differential equation or partial differential equation,
that is, the ordinary differential equation or the partial
differential equation can be obtained by letting « = 1,2, ...
in its corresponding fractional differential equation, many
mathematical methods which can be used in investigat-
ing ordinary differential equations or partial differential
equations fail in analyzing fractional differential equations
since fractional differential equations usually have more
complicated structures and different properties. Thus, it
is essential to develop novel methods to study fractional
differential equations analytically. With the aim of analyzing
fractional differential equations, extensive investigations had
been carried out [1-15].

In applied mathematics, another two types of differen-
tial equations, impulsive differential equations and func-
tional differential equations with different conditions have
wide applications in modeling particular phenomena and
dynamical processes in physics, automatics, robotics, biology,
medicine, and so forth. For example, impulsive differential
equations can be used to investigate natural phenomena or
dynamical processes which are subject to great changes in
a short period of time [16-18]. To further understand the
mathematical models with impulsive differential equations
or functional differential equations with different conditions,
analytical investigation of these equations is required. During
the last ten years, progress in studying these two types of
differential equations has been made [19-25].

One of the important techniques for analyzing impul-
sive differential equations is the semigroup theory, which
has been successfully used in investigating the existence,
uniqueness, and continuous dependence of the solutions of
impulsive differential equations. It also has wide applications
in the study of periodic and almost periodic solutions of
different kinds of differential equations. For example, Fan
and Li studied the existence results for semilinear differential
equations with nonlocal and impulsive conditions using
semigroup theory [26]. The theory has also been used to
investigate a mixed monotone iterative technique for a class
of semilinear impulsive evolution equations in Banach spaces
[27]. With the aid of the semigroup theory, a series of
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conclusions about the existence of the solutions of functional
differential equations and functional integral equations have
been obtained [19-23, 28-36].

Since the fractional derivative does not satisfy the Leibniz
rule and the corresponding fractional operator equation does
not satisfy the variation of constants formula [37], which
implies that the corresponding operator does not satisfy the
properties of semigroups (see [38]), Ty (t) = t* 'Eq o (At*)
does not satisfy the semigroup relations, that is, T (t +
s) #Tx(t)T«(s), indicating the properties of corresponding
resolvent operator. It is difficult to define the mild solutions
of fractional partial differential evolution equations. In par-
ticular, semigroup theory was used inappropriately to study
the existence and uniqueness of mild solutions to impulsive
fractional differential equations [13] and impulsive partial
neutral functional differential equation [39]. The existence
of mild solutions for a class of impulsive fractional partial
semilinear differential equations was investigated in [15] with
errors in [13] corrected.

A solution to this problem has been given in [15], in
which the mild solutions of impulsive fractional differen-
tial equations are defined using piecewise functions, and
a sufficient condition, which guarantees the existence and
uniqueness of solutions to the equations, is obtained. The
existence of solutions to a fractional neutral integrodifferen-
tial equation with unbounded delay was studied in [40].

In this paper, with the aim of investigating the existence
theorem for the solutions of impulsive fractional neutral
functional differential equations, we first define the mild
solution of fractional neutral functional differential equation
using Laplace transform. Then, by introducing the operator
Saki(t), the mild solution of impulsive fractional differen-
tial equation is defined. Through analyzing operator S,(¢),
T«(t), and the corresponding semigroup T(t), a sufficient
condition, which guarantees the existence and uniqueness of
solutions to the following system, is obtained:

DY (x(t) + F(t,xt)) + Ax (t) =G (t,x¢)

tel=[0,T], t+t

1
x(0) = ¢ € B, Ax|i=y, = I (xt;) ,

k=1,...,m,

where DY, for 0 < « < 1, is the Caputo fractional derivative,
—A is the infinitesimal generator of an analytic semigroup
{T(t)},50>and (X, | - II) is a Banach space.

The rest of this paper is organized as follows. In Section
2, we present some notations, definitions, and theorems
which will be used in the following sections. In Section 3,
the definition of mild solution of the system (1) and the
relation between analytic semigroup T'(¢) and some solution
operators are given. The main results of our paper are given
in Section 4. In Section 5, application of the obtained results
is presented.
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2. Preliminaries

In this section, we will introduce some notations, definitions,
and theorems, which will be used throughout this paper. Let
(X, 11 lx) and (Y, ] - ly) be Banach spaces, and let Z (Y, X)
be the Banach space of bounded linear operators from Y
into X equipped with its natural topology. When Y = X,
we use the notation Z(X) to denote the Banach space. We
say that a function u(+) is a normalized piecewise continuous
function on [y, 7] if u is piecewise continuous, and left-
continuous on (y,7]. The space formed by the normalized
piecewise continuous functions from [y, 7] to X is denoted
by P€([u,7]; X), where the notation PE stands for the
space formed by all functions u € PE([0,u]; X) such that
u(-) is continuous at t#¢t;, and u(t;) = u(t;) and u(t])
exist for all i = 1,...,m. In addition, we use (PG, | - |»z)
to denote the space 2% endowed with the norm [|x|pg =
sup,llx(s)ll. Obviously, (PG, |l - |»¢) is a Banach space.
Moreover, an axiomatic definition for the phase space 9 is
employed. Here, the definition of 93 is similar to that given in
[41]. In particular, & is a linear space of functions mapping
(-00,0] into X endowed with a seminorm || - || and the
following axioms hold.

(D) Ifx : (—oo,u +b] — X, b > 0,such that x, € B
and x|, 0] € PE([p 4+ b] : X), then for every
t € [, u + b] the following conditions hold:

(i) x; isin &B;
(i) lx(t) < Hllxell 5
(iii) xllg < K(t = p)sup{llx(s)ll : pp < s <t} +

where H > 0 is a constant, K, M : [0,00) — [1,00),
K is continuous, M is locally bounded, and H,K, M are
independent of x(-).

(II) The space 9 is complete.

Next, we give an example to illustrate the above defini-
tions.

Example 1 (the phase space %, x L*(g,X)). Let r > 0
and g : (-00,-r) — R be a nonnegative, locally Lebesgue
integrable function. Assume that there is a non-negative
measurable, locally bounded function #(-) on (—00, 0] such
that g(& + 0) < 3(&)g(0) for all & € (—00,0] and 6 €
(—00, =] \ N¢, where N € (—00, -r) is a set with Lebesgue
measure zero. %, x L* (g, X ) denotes the set of all functions
¢ : (-00,0] — X such that ¢|[_, ] € PE([-r,0],X) and
[0 9(0)llp(0)]%d6 < co. In PE, x L*(g, X), we consider
the seminorm defined by

) . ) 1/2
Iola = swp o @l ([ 9@l @lia0)
)

The preceding conditions indicate that the space PE, x
L*(g, X) satisfies the axioms (I) and (II). Moreover, when
r =0, we can take H = 1, K(t) = (f_otg(G))l/z, and M(¢) =
n(-t) fort > 0.
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Definition 2. Let a,c € R. A function f : [a,00) — X is
said to be in the space C, 4 if there exist a real number p > «
and a function g € C([a,00), X) such that f(t) = tPg(¢).
Moreover, f is said to be in the space C}', for some positive

integer m if £ € Coq
Definition 3. If the function f € C7'_,, where m € IN¥, the

fractional derivative of order & > 0 of f in the Caputo sense
is defined as

Dif (1) = [F syt (s
“> 3)
m-1<a<m.
Definition4. Let A: @ € X — X beaclosed linear operator.
A is said to be sectorial if there exist 0 < 8 < 77/2, M > 0, and
¢ € R such that the resolvent of A exists outside the sector
p+Sp={p+A:1eClarg(-1)| <0},

(4)

|(Ar-24)7"| < Agu+S

M
A=l
(for short, we say that A is sectorial of type (M, 0, u)).

Let —A denote the infinitesimal generator of an analytic
semigroup in a Banach space and 0 € p(A), where p(A) is

the resolvent set of p(A). We define the fractional power A™
by

r(q) [TorTwan qs0. o

For 0 < g < 1, A7 = (A™) ™" is a closed linear operator
whose domain D(A?) > D(A) is dense in X. For analytic
semigroup {T'(¢) },.,, we have the following theorem.

Theorem 5 ([42, Theorem 6.13]). Let —A be the infinitesimal
generator of an analytic semigroup {T(t)},.,- If 0 € p(A),
then the following statements hold.

(@) T(t): X — D(A”) for everyt >0 and a > 0.
(b) For every x € D(A%), we have T(t)A%x = AT (t)x.
(c) For everyt > 0, the operator A*T(t) is bounded and

JA“T (6)] < Mat™e™. ©)
(d) 0 < < 1andx € D(A%), then

[T (£) x - x| < cat® [|[A%x]|. 7)

3. Mild Solutions

In this section, we investigate the classical solution of the
following equation:

Df (x(t) + F(t,x¢)) + Ax () =G (t,x¢),

(8)

Based on the classical solution, the mild solution of
system (1) is defined. Then, the relationship between the
analytic semigroup T(t) and some solution operators is
given.

Lemma 6. Let —A be the infinitesimal generator of an analytic
semigroup {T(t)},.o. If G and F satisfy the uniform Holder
condition with exponent 3 € (0,1], then the solutions of the
Cauchy problem (8) are fixed points of the operator equation

Sa (t) (;P (0) + F(0,9)) - F (t,x:)
—fo Ty (t—s)AF (s,x5)ds

Wx (1) = t )
+f0 To(t—5)G(s,x)ds,
Xo=¢ € B,
where
Sa (t) = ﬁ f AR (A%, ~A) dA, “
10

T (t) = ﬁ [erGm -y,

with ¢ being a suitable path such that \* ¢ y + Sp for A € c.

Proof. Applying the Laplace transform to (9), we obtain
A (Zx (1)) (A) + A (ZLF (t,x¢)) ()
=27 (9 (0) + F(0,9)) (an
+A(Zx) (L) = (LG (t,x)) ().
It follows that
(£x) (1) =2 AT+ A)7 (9(0) + F (0,9)

SA(A*+ A)TH(ZF () (L) (12)
+ (A T+ A) (LG (tx)) (N).

Noting that A*(A* + A)™' = I - A(A* + A)™", and applying
the inverse Laplace transform, we have

x(t) = Su (t) (9 (0) + F(0,9)) = F (t, x:)
+ fOtTa (t—s) AF (s,x5) ds (13)

+ fOtToc (t—3s)G(s,x;)ds.

Since F and G satisfy a uniform Hoélder condition, with
exponent § € (0,1), then the classical solutions of Cauchy
problem (8) are fixed points of the following operator
equations (see [43]):

Yx(t) = a(t) (9 (0) + F(0,9)) - F (t,x:)

t
" /0 To (t-5) AF (s,x,) ds (14)

+ /OtT“ (t-s)G(s,x5)ds.
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In what follows, we use the notations &,k (t)x 2 Sa(t -
tr) o Salty —tro1) 00 Satipr —t)x, 0<I<k-1, ty =
0, forallx € X, and 8y s (t)x 2 So(t —tx) 0 Satx —tr1) ©
o8t —ty1)x, 0<I<k-1.

Definition 7. A function u € PE(I,X) is called a mild
solution of (1) if it satisfies the operator equation

u(t) = Sako (£) (¢ (0) + F(0,9)) - F (t,ur)

Y Saxi(t)

0<t;41<t,0<I<k
i1

X ATy (t11—s) F (s,us)ds

7]

t
+/ AT,y (t—s)F(s,us)ds

ty

)

0<tyy <t,0<I<k

Sakt (1) (15)

i1
xfl To(tiy1 —5)G(s,us)ds
1

+.[tTa(t—s)G(s,us)ds
Y Sak(t)

0<tyy <t,0<I<k

X [I141 (uey,, ) + AF (b1, ue,,,) ]

Remark 8. Tt is easy to verify that a classical solution of (1) is
a mild solution of the same system. Thus, Definition 7 is well
defined (see [42, 43]).

tel

Lemma 9. If —A is the infinitesimal generator of an analytic
semigroup {T(t)},., and 0 € p(A), then we have

To(t) = a fo 06, (0) 11T (+0) o, »

Sa® = [ 9,(0) T (170) o,

where ¢, (0) is the probability density function defined on
(0, 00) such that its Laplace transform is given by

© _gx _OO (_x)j
fo ¢ ¢“(6)d0_].§0—1"(1+aj)’ x>0, (17)

and satisfies

fooqba 0)do -1,
’ (18)

f ¢, (0)do<1, 0<y<1.
0

Proof. Forall x € D(A) c X, we have

(19)
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Let
[Ty, @)do -, (20)

where a € (0,1), v, (0) = (1/7) Z1<pcco (~1)"07" (T (nax +
1)/n!) sin(nra),and 6 € (0,00) (see [44]). Thus, we obtain

(A% +A) 'x

= / e VT (s) xds
0

= / f at® e T (1) x dt
o Jo

_ / °° f e My ()T (1) x O dt
0 0

R T Y
-/ fo ay, (6)e T(ea) -t do
- [ © eh (oc JA 09, (6) 11T (1°9) xde) dt,
0 0
where ¢_(0) = (1/04)6_1_1/“1//“(9_1/“) is the proba-
bility density function defined on (0,00) and satisfies

[s7¢,(0)d0 = 1and [[¥6"¢ (6)d6 < 1,0 < 1 < 1 (see
[44]). Then, from (21), we get

To (t) = Zim [eomsaytm

1)

- (22)
_ a—1 o
- ocfo 0, (0) T (10) do.

On the other hand, for all x € D(A) ¢ X, we notice that
A%+ A) '«

:f A e M (5) xds
0

_ f 7 () e 0T (1) x it
0

- [ w_%% [e 00" () 03

_ [ re MO
_fo fo Oy, (0) T (%) xdO dt

:foooe_’“[fooowa(e)T(;;)de]dt
- [ ® [ A 'y (G)T(t"‘@)xd@] dt.
Thus,

Sa () = fo 7 6. (6) T (1°6) do. (24)
O

Remark 10. If M, = supy_, I T(¢)l, then from Lemma (9),
we have

||°9a,k,l (t)" < M§+l_l, Seck] (t) < Mf;_l. (25)
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4. Main Results

In this section, we will present the main results of this
paper. The mild solution will be understood in the sense
of Definition 7. To investigate the uniqueness of the mild
solution, we require the following assumptions.

(H;) The functions F,G: Ix% — Xandl;: # —
X, i = 1,...,m, are continuous and satisfy the following
conditions

(i) For every x : (—00,T] — X such that xo = ¢ and
x| € PE, the function t — G(t,x;) is strongly
measurable and the function t — F(t,x;) belongs
to P6.

(ii) There exist a positive constant f € (0,1), and a
function p, € L™(I,R") as well as Lp,L,i =

L,...,m, such that F is X g-valued, APF:Ix%B — X
is continuous and

|G (tv)) -G (tv,)|
<p () |y, - ‘//2"33’
455 (o) - A°F e, oo

Yy, € B, tel,

< LF”WI _‘//2"95’ VY, € B, tel,
"Ii (V’l) -1 (‘/’2)” <L|y, - V’z”gp VY, €3A.
(H;) The function {(t) : I — R* is defined by
(i)

¢(1)

. 2Mo (M -1)

+Ma(M?“—l)L+(1+M¢X(M;"“—1))
M, -1 M, -1

X (Cl_ﬁLFr S taﬁ) +

Ma|lp, ||Loo(1,R+) o
B (1 +ap) ’

I(a+1)
(27)

when M, #1, or
(ii)
¢(t)

=K, [LF ||A(_ﬁ)|| (1+42m)+mL+ (1 +m)

”/‘1"Loo(1,R+) t“)l

CrpLeT (1+B)

when M = 1. Here, K, = sup,;K(s) and satisfies 0 < {(t) <
p<1,forallt el

Remark 11. Let x : (—00,T] — X be such that xo = ¢ and

x|1 € €, and assume that H; holds. We have the following
estimations:

IATa (t = 5) F (s, x5)]
= [A"FTy (- 5) APF (s,x,)

= " [“ fo N 0¢, (0) (t—s)*"'AUP)
(29)

<T ((t - 5)°6) d@] APF (s,x,)
<aCy_p(t—s)*!

x [ 0%, (0)doA"F (s.x.)].

On the other hand, from [~ 0%y, (8)d0 = T(1+q/a)/T(1+
q), forallg € [0,1] (see [44]), we have

fo " 0P (0)do

© ]
A ACL (30)

_T(+p)
T (1+ap)’

Then, by (29) and (30), it is easy to see that

|ATq (t =) F (s, x5)]|

(xCl_BI‘ (1 + ﬂ) B S x (31)
TT(+ap) (t-s)F [4%F (5.2

It is obvious that the function 8 — AT, (t — 0)F(0,xyp) is
integrable on [0,¢) for every ¢ > 0. Similarly, it can be verified
that the function 0 — AT, (¢t — 0)G(6, xp) is integrable on
[0,t) for every t > 0.

Theorem 12. Under the assumptions (Hy) and (Hy), the
system (1) has a unique mild solution.
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Proof. On the metric space BP€ = {u : (-c0,T] —
X, up = @, ul; € PE} endowed with the metric d(u,v) =
lu — vll oz, we define the operator T : BPEC — BPE by

p(t), t<0

Sako (t) (9 (0) + F(0,9)) - F (t,ur)

Y

0<tj41<t,0<I<k

7281
X f ATy (t111 —s) F (s, us) ds
t,

1

t
+[ ATy (t—s)F (s,us)ds
173

P Y Sam(®)

0<ty41<t,0<I<k

728
x[ l lTa (tre1 —s) G (s,us) ds
7]

‘Sa,k,l ( t)

Tu(t) =

+[tT“(t—s)G(s,us)d5
Y S

0<ty4 1 <t,0<I<k
X[I]+1 (ut1+1)+AF(tl+l’utl+1)] tel.
(32)

From Remark 11, we know that s — Ty (t - s)G(s,u,) and
s = Tq(t-s)AF(s,u,) areintegrable on [0, ¢) for everyt € I.
Thus, T is well defined with values in 2. Let u,v € BIPE.
Using |AF(tiuy) — AF(tpv,)| < 2LeKG AP (u -
)il we get

[Tu (t) - Tv (1)

<|F (t.u) - F (t,0,)]

S E O]

0<tyy <t,0<I<k

41

X /t- AT (tis1 —s) F (s,us)
1

—AT, (t141 — s) F (s,05)| ds

t

+ /t IAT o (¢ - ) (F (s,us) - F (s,05))|| ds
k

D)

0<tyy <t,0<I<k

[Saxs 0]

<[ I (-9 (G (s -G s.u) | ds

(a-1)
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)

0<tyy <t,0<I<k

X [T11 (aey,,) = L (v,
+ "AF (tl+1’utl+1) - AF (tl+l)vtl+1 )"]

[Saxs 0]

< AP | Lellue - vl

DI CPO]

<ty <t,0<I<k

[Z88) aff—
S ACRED
1

aCy_gLeT (1 + B)

- d
T (1 N Oéﬁ) [l Us"gg S
‘ L aCy_gLeT (1+ )
+ t—s)F! - d
S s il
_ 41 _
saMe Y [Sam®] [ (-9
0<ty41 <t,0<I<k b

Xy (5) lus = vsll g (-[000 0¢, () d@) ds
raddy [ (-9 (9

<l vl ([ 06, (6)do) ds
D)

0<ty41<t,0<I<k

[Sass )]

x (Ll = vl g5 + 216K AP [ 1t = ) 1] )

< "A(_ﬁ) " Lllu; — vell

+ (1 L Ma (MG - 1)) Ci-pLel (1+p)
M, -1 Br(1+ap)

X [lus - vsll

Mocta".’h"Loo(I,m) 1+
I(a+1)

Mg (MJ* -1)
M, -1

X [lus - vsll

M (M -1)
M, -1

X (L"”ti — Uy "gg +2LrK, "A(_'B) " (4 -v) |I"gﬂg) >
(33)

forallt € [0,T]. O
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Remark 13. The above inequality makes use of

1

[O 09 )d0= s, (34)

which can be obtained directly from (30).

Remark 14. If M, = 1 in the above inequality, we replace
(Mo(M* = 1))/ (Mo — 1) by m.

Therefore, it can be deduced that
(i) when M, #1,

[Tee (£) = T (1)

M, -1

m+1 _
<K, lLF "A(_ﬂ) " (1 . 2M, (M(x 1) LF)

m+1 _
+]VI“(M°c 1)L+(1+

Mg (MEH -1)
M, -1

M, -1

CipLrl (1+B) o5 M"‘"“l”L""(I’Rﬂta
pr(i+af) = = T(a+1)

x || (u~v) |I||g>qg’ and
(35)

(ii) when M, =1,
T () = To ()]

<K, le |ACP| (1 +2m) + mL+ (1+m)

CrpLeT (1+B) p ltnllogrr)
X( e T T !

x| (u = )] g 6
36

Thus,

[Tw (£) =T (O < SO (=)l g B7)

Therefore, in view of the contraction mapping principle,
assumption (H;) implies that ' has a unique fixed point on
BPE. Thus, the system (1) has a unique mild solution.

5. An Example

In this section, we present an example to further illustrate the
applications of the results given in Section 4.

Let X = L*([0,7]) be the space of the square integrable
functions and B = PE, x L*(g,X). We investigate the
operator —A : D(-A) ¢ X — X defined by (-A)x = x ,
where

(38)

We note that —A is the infinitesimal generator of an analytic
compact semigroup {T(t)},,, on X. In particular, we have
that (T'(t),,,) is a uniformly stable semigroup with [ T'(¢)]| <
e for all £ > 0. Moreover,

D(AF) = {x x € X, iizﬁ (x,zi)zi € X}. (39)
i=1

It follows from the above properties that analytic semi-
group (T (t)),., satisfies

et/2471/2

ool =5 Jea™]=1

(40)
for t > 0.

Consider the impulsive fractional partial neutral differ-
ential equation system:

Df[w(t,s)+[;foﬂb(s-t,q,z)w(s,s)dnds]

2

_aa_gzw(t,g)z/lf(t,w(t,f)),

w(t,0)=w(t,m) =0,
@ (7,8) = ¢(1,8),

po (i) o (i) = [ oG ws)ds

i=1,...,m,

tel=[0,T], (41)
<0, £€[0,m],

where (t;) is a strictly increasing sequence of positive real
numbers. To treat this system, we assume that the following
conditions hold.

(a)” The function ./ : Rx R — R s continuous and there
is a continuous integrable function y, : R — [0,00)
such that

|V (tx)| <y (t)]x], te[0,T],xeR  (42)

(b)" The function b(s,#,£), (3/0&)b(s, 1, &) is integrable,
b(s,n,m) =b(s,1,0), and

Lr

_ e (1 db(snd)
.-sup{/o [mﬂ (Wa—fld?]dsdf) 1i=0, 1}

< +00.
(43)

(c)" The function p, : [0,7] xR — R, (i = 1,...,m) is
continuous and there exists a positive constant L such
that

[p: (&5) - p; (£5)] < Lls-5],
£e0,m],s5€R.

(44)
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We now define the functions F,G : [0,a] x B — X and
Ii: X - Xby

Fa8)©= [ [Tblne)ssmnds
e[0,T],¢€0,7],

(45)

G(£9)(§) =/ (:¢(0:5)), t€[0,T],Ee[0,7],

L@ ® = [ pEe©s)ds icN.gelon],

respectively. It is easy to see that problem (41) can be modeled
as the abstract impulsive Cauchy problem (1).

Theorem 15. Assume that the conditions (a)”, (b)", and (c)”

hold and
m , U2
[[o |p; (£,0)] df] < 00. (46)
If
(m + 1)C1—ﬁLF ap
Ko lLF(l +2m) + W
(47)

(m+1) ||1‘1||Loo(1R+)
% L|<1,
Tar D) +ammL| <

forallt € I, then there is a mild solution of the impulsive system
(41).

Proof. Tt follows from (b)" that F is X, J2-valued and F : I x
& — X, is continuous. Moreover, A'?F(t,-) isabounded
linear operator, and as such IIAI/ZF(t, )l < Lgforallt € I. By
(a)", one can easily conclude that the function G(t,-) : B —
X is continuous for all t € [0,T], and G(-, ¢) : [0,00) — X
is a strongly measurable function for each ¢ € 9. In addition,
forallt € [0,T] and ¢ € %, we have

G o) = [ (19 0.6)Pde

< [[eopoyre @
< (1) |41
It follows from condition (c)” that
11 (¢) (§) = Ii (v) (&)
< /0” |0, (§,¢(0,5)) = p; (&, y (0,5))|ds
(49)

<1 71609~y (0.5)|ds

<L|¢ - v g

for all @, v € 9. This implies that ||I[i(¢) — I;i(y)lx <
nt\/7Ll$ — yll- The proof is complete since the existence of
a mild solution is a consequence of Theorem 15. O
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